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1. INTRODUCTION 

. Integral transforms and orthogorTal functions provide 
the basis for widely used techniques in solving a large 
number 'of physical and engineering problems. In this 
unit we present a method which facilitates the finding 

ofxthe Lap lace transf orm, the. Jlourier^tj^nxi^a^ ,_iU\d 

the, &>urier series when t'hji given function is p>ecew^e * 
continuous (as are^nost functions that are fcncounteifed 
in practice) . , , - • * 

The transforms and the series expansions that 'can) 
'•be obtained by the method presented here may be obtained 
by various other techniques thafare frequently used. ' 
Normally the two transforms and the'series expansion are. 
presented as three separate (but re'lated)' topics , and 
the techniques for handling piecewise continuous functions 
include integration, use of tables, and- manipulation with 
unit step functions. The unified method has the following 
desirable characteristics: 

t ' it avoids the use 'of tables; 

« 

m • it avoids almost all integration; 

• unit step" functions are unnecessary; 

• the method is quick; % » 

^ - • -"it provides a single, unified* approach to „ ' 
• all three problems; °. 1 

• it employs graphical techniques. 

2.* THE METHOD EXPLAINED ^ 

We-to|gin by recalling the-basic definitions of the 
transforms and the se/ries in question. The Fourier series 
expansion of 'a function f(t) of period 2p # is given by 

(1) 



wher e 




J n " p J 0 flt 5 — ,t, „ ti , p J^-n, i;i ,u Jt 

•Ihe L.j place tiansform of a n fiction VftJ given'bj" 
(31 L(f(t)} = I V St fit>dt. 



or t ^ 0 , howo\ cr 
f(tj as being 



Note that f't) need bo defined only 
throughout ttiis unit we shall regard 
identically zero for^r < f o uhen we are finding the -Laplace 
transform. The faurier transform of f(t) is given by 

( 4 ) , Hf(t)j = f°° e ~**T(t)cit. . t. 



TJiere are, of course , 'bas ic questions that arise 
concerning conditions under which the sejres (1) and 
the improper intergrals in (5) and (4) exist. There 
is also the question- <fa whether the series m (1) actually* 
represents f(t) and if so, in what sense.- Answers to 
these' questions* can be found in textbooks on engineering 
Mathematics and applied -advanced calculus* and we shall 
limit our study to. functions for which appropriate 
conditions are satisfred.. 

Jh^simlliarity between expressions (3) and 44) is , 
apparent. In addition, the integrals for a and b in 
(2) also resemble ^) and (4) . In order ^"connect (2) , 
with (3) and^ (4), we define the coefficient transform * 
• 9 ' ' X 

(5) C { f(t)} = f 2 ^ e - in7rt/ P f( t )dt. . 

The; structural -similarity of (3), (4), and (5) is 
apparent and the connection with (2) can be seen from the 
Euler formula e l6 = cos'e ♦ i sin e. The coefficient trans- 
form may unregarded as arising from the. complex form oF 
(1) .VwhLch is ' 

(6) f(t) . I c e inTrt/ P 

n 1 ' * • 

n=-« > 2 

9 



.c 



1 

2p 



2p 



f(t)e -inT>t/ > p dt 



; where 
(7j 

Formulas for £ 0 and C. n - maybe obtained from (6) b* 
substituting n = 0 or by replacing n with' -n. Expres- 
sions (1) and (5) may each be obtained from the other 
via the relationships % 



- ^a 



0'' 



a nv = ' C n +C -n 



X ( C n"C ) 

n -rr 



*(The Euler formula, of cours'e, provides the basis for (8)..) 

• Suppose now that f(t) is a piecewise continuous * 
function. ; In Figures 1 - 3 we show functions of this 
type that are appropriate ]hr the three transforms in 
question, ihe graphs also sfcow the information needed 
to apply the; unified method, namely: # „ 

m ^ • ., the/locatio* of the discontinuities of f(t) 
(indicated by a.); ^ 
• the "jump" in f(t) at a discontinuity 
(indicated by ; 
. • the direction of the jump (indicated by an 
f(t) arrow up or down) . 



I" 2 t H , 




|M 



a Q -0 



m-1 



a =2P 
m 



erJc 



Figure t. One .period of a 2p-periodic function f(t); this illustration 
is appropriate for the Fourier series expansion. 



f(0 





Figure I. An illustration that is appropriate for the.Laplace ' 

n ?7 /\ , NOte thV f(t) =0 for t<0; however. f(t) 
need n6t be discontinuous at 0 in general. 



f(t)- 




Figure 3. Illustration of f(t) appropriate for the Courier' transform. 

Under the Conventions that H- will, be positive if 

the jump at &i is up and negative if the jump is doyn, 

we have the .following unified formulas: 

« > 



(10) ' L{f(t)} = I J M, -e" a ^ S ♦ i L{fHt)} " 
k=0 K 



3 



(11) 



F{f(t)> = ± I Me. 

ia k=0 k 



•iaa 



. Formulas (9), (1©^ T Ml) may no* be used 1 terat lvely 
to find C{f(t)}, L{f;(t)}, F{f»(t)}, and so forth. IVith 
j a Jittle practice the iterative process -b'ecomes--\ ery 

quid;, antf _ graphical_techn lques make it _easy..to imp_le- 
merft the algorithm for many elementary functions, as - 
.we shall- see next. >- ** . * 

We note tha t Formulas ^9) * - (11) can be obtained 
by elementary methods. A derivation is. carried^oiit in 
detail^ for the c oe^f ic ient transform in the appendix. 



v ^ 3. TIHytETHOD IN ACTION 
3.1 Example 1 ' 

To find L{f(t)} for the function' .» / 
ft 2 , 0 < t < 2 
f ■ . f(t) = - 3 , 2 < t < 4 ^ , % 

. I v » ' 4 £ t ■ ' ^ 

we first graph f(t) and .its' distinct nonzero derivative^, 
indicating all jumps (see Figure 4). 



"4 f(t) m ^ S 





4«f"(t) 



Figure 4. Graphs of f (ft) , f*(t)/f»jt) for Example 1, 
showing jumps at discontinuities. 



■ft 



Apply fprmula (10*) t/D f(t), f'(t), f"(t): \ ' ■ 
•■ Uf-(t)} -= i (-e- 2s +e -^) ♦ i L{f'(t)} ' ^ 



4 



s I c ; * j Lit itj] . > 



+ 

s H s 



1 r*L-2s . -4s 



(^e" 1 - 5 + e 



I*) =i (-e- 2i - + e- Js ) + ( ± (-4e- 2s + e - 4s 

' * . . "I • ■ S 2 



) 



'L-^- fl(: -2e" 2s )] 



= ± y. ;- 2s (4 -i . e -45. f i + j_> 

k ' 

At first, this method seems jto offer little, *if any/ 

advantage, over a direct integration or the use, of unit 

^step functions. Howeyefr, the calculation which we carried 

out m'de.tail above can be vastly shortened we need'" 

only observe, 'as can be* seen f rom *Equa t ion (*), that'ift* 0 
. t h " , , 1 • . <» 

< power Oj \^s/ multiplied vne jumps in the (k-l) st 

'derivative:, each' weighted with the appropriate* expoK-euUal 
function. Therefore, merely by keeping- track graphically * 
6f the magnitude, direction, arfy location oY/the jumps ' 

*for each derivative, we may wjite down "the transform Ur * 
essentially final form as soon as the sketches are, drawn. 
We 'use this shortened procedure in all Subsequent examples,* 
and ask you to do the same for the exercises 

3.2 Example 2 ' ♦ w 

- « 

Suppose we wish to, find L{f'(t)} for the "function'wh icft 
is defined graphically in Figure 5. • r " ' 

Since^^e) need only the segment slopes (which al^e , • 
'obtainable from the end po^int c6drdina' tesj in order to 
tgraph f'(t), we do;not even need explicit formulas. 
(See Figure 6.,) , . ' . 




figure 5. The funct ion fft) in Example 2 consists o^ 
* the straight Hne *segments shown, and is 
Zero for t > k. 



2 " 
1 " 3 



-1 



-2 -- 



-7To—\ — j 1 — I >— H> 



s j 6 ; 



Figure 6 S The graph of f'(t) for Example 2, showning 
jumps and their locations; ■ 

From- Figures- 5 and 6, and using our understanding of 
Farmula (1Q), we may write immediately 



LTO)} = | + - [-1 t 3e" s - £e" 2s 



-2s ■ 3 -4s 



Exercise t 



Use the ugi'fied method (the abbreviated form- illustrated in 
"ASfcple 2) to foii4J.{f(t)} for the following: funct ions: ' 1 { 

f(0 



t, 0 < t < I 
2-t, l < t < 2 
I "0, ' 2 < %. 
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b\ 



f(t) 



t-l, 
6-t 2 , 
0, 



The function shown 
*in the diagram to 
the right. 



0 < t < 2 
2 < t < t 3 

f(t) 




i 



2 « 3 



5 . 5 Example 5 » 
t. 

Find thVxeoeff icient transform Cf*(t)} for the 
periodic function whos^c formula over pine period is 




frit) = 



t 2 - 1, 
0 



0 < t < .1 

1 < t < 2. 



Here we have 2p = 2, so p = 1. We 'p-rocee'd as in BxamjW" 
2,- graphing f(t) and its distinct nonzero derivatives 
(see Figure 7) . 



f(t) 



4f* 



f(t) 



f"(t) 




Pa" 



^1 



(12 



gure 7. Graphs of f (t) f ' (t) , and f"(t) for Example 3 



Using the data recorded in Figure 7, -and applying Formula 
(9),* we m^y write down immediately: 



1 9 



S 8 



( inr) 



+ f: 2e" lirr ] n ' 

(in*) 3 1 J - 



1 

in' 



lin-) • 



+ c 



I in-) • i in-) 



Since c 
C{f(t)) 



in: 



n " 

= cosn-; = (-1) , uc ma> ,sin»plif>: 

v.U n f l ' 1 m 2i" ' 

* ■ l n n- 2 n'~ 3 



(This result holds, of course, for itfO.) 

5 . 4 Example 4 r < 

find th«.real form of the' Fourier -series expansion 
for 'the function* ff#P* - frora Example 3. Since 

C n = 2^ C^^J (see (5) and (7)) i 

and since p . 1 (see Example 5), we have for tins exampl 



Thus. 



fnorn which 



l 

Znir 



-U ♦ (-i) n 

nV 



1 ♦ 1 



i 1 



n'lt* n 3 Tr 3 j 



n tt 



n7T 2 2 5 \ 



In, addition, 



7 J (t 2 , * l)'dt = 2/5. 



from f8) we .have 



TT 



C, - 2/3. 



for n/0, 



b:. = i r c. 



n1 ' „3„! 1 1J n* 



j 



The iouncr ser ie:s; expans ion is 

f(t) = j + J a Losmrt + I b n sinnn, 
n=l n=l n 

M^h a a> ,b n as given above. 

r ' > 

5 . 5 Exa*mp l e 5 •» 

Fine the half range .sine expansion foghhe function 

fftj = t 2 - 2t, o* < t '< r. 

* a ♦ 

he first wake an 6dd extension of f(t) to include the 
interval -1 , t < 0. • Since we need only information 
on the jumps, the extension may be carried 'out graphically/* 
vvith no formulas necessary, he save additional effort 
by noting that the derivative of an odd function is even 
and the derivative of an even function is odd. S.ee 
Figure 8 . 
\ 

Applying lormufa {9) with the informal i on> d i splgfed 
in Figure 8, and noting .that for the extended functS" • 
2p ■ 2 so that p = 1, we obtain 



C{f(t)} = ^ (e in7r + e - in7 '] ,+ 



1 



= e' 



in7T 



1 

i nTi 
nil 



(inn) 



4i 



tinif) 3 

; 4 
finir) 1 

4i 



-2c il I ir *4.2c* in,r ] 



+ e 



•inn 



1I17I 



i i n7r ) 
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j> f(t) ,|(ext«pd?d)' lf'(t) (no jumps) 




f"(t) 



Figtire 8. The graph of f(t) extended to form an </dd function, and 
the graphs off'.(t) and f'.»(t). 



Then we have for the* Fourier coefficients 



C n * 7p C{f (^ } = 7 C{f Ct)} 



1 /^r 



1 

"nTT 



2i 



2i 



. C -n - ^ 



n7T n 3 * 3 



2i 



Irt tjhe Half ran^e sine expansion a^' = 0 for all n, and 
we have 



f (t) I b sin nnt , 



n=l 



where 



or 



b„ = 



b„ = 



i(C -C ) = (-l) n — + — — 
n " n n7T n 3 * 3 



(-D n — ♦ 
k ' n^ 



f"(-D n -ii -4' . 

U ' -J n 3 Ti 3 



1 



Exercise 2 , 

Find the complex Fourier series expansion for the following 
periodic functions, where the definition over one period is given 
by: 0 

a. 12, 0 <. t < 3 ^ 

-2, 3 < t < 6. 



fit) 



b. 



J 



f(t) = 



y t, 0 < t < 2 
2 - jt. 2 < t < 4. 



Exercise 3 



Find the half range sine series expansion "for the function 



f(D - \ t, 



0 < t < 5. 



3.6 Example 6 

F.ind the Fourier transform of th<e function 



f(t) = 



>\ 



V 0, 



|t| <1 
tf 



J 



The process' is the same as before: sketch the function 
and 'its distinct nonzero derivatives, recording the 
relevant data on all jumps^ (see Figure 9). 

f(t),(no jumps) . f ' (t) -t *"M 

2 t % 2 2 + 



-1 





1 T2 



'Figure 9- The graphs of f(t) ; f'(t), and f'»(t) for Example 6, with 
information on jumps. 

17 ■ 12 



Applying Formula (11) and the j^fbrjnauon displa\ed in 
Figure 9, we obtain 



F{f(t)} = 



(ict)' 



2e l * ♦ 2e" la 



e la ♦ e " ia l -± Ie ia 
* 2 ^ i a 3 1 



C t 



4 cos a 4 s in u 



Exercise k 



For the following functions f(t) fi.nd the Fourier transform 



F(f(t)>: 



f(t) J 1 - I 1 ! £ 2 

lo, i tl > 2. • 



b. 



f(t) 



1+t, -1 < t < 0 
1-t, 0 < t < 1 
0, |t|>t. 



3.7 Example 7 

Find the FourieV cosine transform of the function 
= e • w ' e first note that by definition the .Fourier 
cosine transform of the given functioV is 

•iat -mt 



-mt 

j0 e cos oft dt » R j e 



e" mt dt = R F{f(t)J 



t > 0 



where f(t) in the latter expression is redefined as 
f(t) 

0, t < 0, % 

and R denotes ' the real part- of the , transform. (See 
Figure 10.) 




Figure 10. Gra\h of the redefined f^t) for Example 7. 
Since f'(f) = -mf^O, we have 'by Formula (11) 

rjf(t)} = i + f a F{ ^f(t)}. 

Therefore 

F{(m + ifli)f(t)} * 1, 
from which 

F{f (t)} = - 1 , = ni - ia 
m + la 



m 2 + a 2 



and the cosine transform is 



Co{f(t)} = 



m + ot' 



3.8 Example »8 

As a final example we expand the function 
" f (t) = cos t^ 0 < t < 2tt 

in-a half range sine series.. The graphs" of the odd 
extension otfyf(t) and its first derivWve are sjiowp 



in Figure 11*. * ** 




f'(t) (no jumps) 

even f unc t ion 




-27T 



FiguVe 11. Graphs of the odd extension of f(t) and its first derivative. 



In this example, 2p' = 4tt, p = 2ir , hence J^— = X 

inTT in 

Since f"(t) = -f(t), we have by Formula (9) 

• C {f(t)"} »^(, / - + 2-e-^] +7 i_.c{M-(t)}. 



(in), 2 



Therefore > 



from which 



C{f(r)} =' 



8ni 
n 2 -4 



A 



, n odd 



n even . 



Sifkre 

* x 2p = 4tt 

we have for n odd 

c 



2ni * , 



n 



(n 2 - t 4)TT ; 
2ni 



._(n 2 - 4)tt 



so that 



•V N 



and 



b n " >[ C n -- C -n 



K 



4n 



(n 2 - 4)77 



f(t) 



4n 



11 st 1 ,5,5. . (n 2 - 4)tt 



s in 



nt 



Examples " and 8 illustrate that it is foot necessary 
that f(t) have some derivative which vanishes in order 
to^ply t^he unified method it is' possible t to use 
this method also when there is an^algebraic relationship 
between f(t) and its first few derivatives. -This fact 
wiU be useful in -s^me of the following exercises. 

The next exer c i ses^^ll conclude the application 
portion of this unit. For rh^se^who wish to learn how 
the unified method can be derived,, we carry out the 
derivation in 'the Appendix for the coefficient transform. 
Derivation of Formulas (9) and (11). can be carried- out 
" in a similar way . 



Exercise 5 



Use the unified method to find the Laplace^ trans form 
S(t) W 2t . 



of 



Exeycise 6 * 

. 

Find the Laplace transform of the 
periodic square wave shown to the right. 
This problem will require an extension of 
the unified method to a ^jase where the 
number of jumps discontinuities in f(t) 
is countably infinite. . 4 



fit) 



- i » 
i 



fc t h b h 



|2 *3 ik .5 
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4» ANShERS TO EXERCISES 



-T-7*e- 2s (i-i-.Xl (1. 



-2 S 



5 S 2 V-'' ' -( = 



1 . e' s , 2e' 2s ;-3» 

5 s 2 S 2 s 2 



a.' f(t) % J C n e in7It/ 3, where 

n^-oo . - . v 

♦ 

C n " T^rC 1 " H)"] for „*>. C.-O, ■ 

b- f(t) = I C n e lnn/2 , where . 
n =-oo 

• «C„ = -^-[KV W)"] for „VO*C 0 - i. 



f(tK= I b n sin , where b = (-l) n+1 -1 

2 sin 2a 
a 



b. — (1 - cosa)- 
a' 



L { e - 2t } = I + i U-2e" 2t }. from which L{e"" 2t } 



UT(t)} 



}(l - 2e" s + 2e- 2s - Ze" 35 + - H . .] 



1 f 



1 - 2 



l+e. 



— tanh J- . 



5. MODEL EX AH 



Find the following transforms 
unified method. 



orms an«L series ■ 



expansions tfsing the 



1. Find the Laplace transform L{ f (t) } for the functions: 
* 

a . 

f(t)* 



t , 0 < t < 1 

i, i < i. 



f(t) = COS t . 



2. Find the Fourier* transform F{f(t)1 for the functions: 



f(t) = 



^"t 2 , |t| < 2 
0, . |t] > 2- 

'A. f(t) = fe" 2 '' 1 , all t. 



» 3. .Find fcjje^ ha I f range sine series for function 

f(t) = 1 - yt, ' 0 < t < I. 
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' 6. ANSWERS TO MODEL EXAM 



2e 



b. tiros t} ■ j + |- (j Lt-cos t}) , from which . 



l{cos t} = 



s 2 +1 



/ 



k . 8 
— sin 2a - — cos 2a- 



S. F{e" 2 ' t ') » — — + — — F^e" 2 ^'}, from which 
(ia) 2 - (\a) 2 

• F{ , e -2|t| } < J^. m ^ 

i*+a 2 . 



3. f(t) 3 J b sin nirt, where 



n-1 



n nir 



O f 
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7. APPFNDIX: THE /ME l' HOT) DERIVED 



In this section we carrv out the derivation of lormula 
(9). The formal proof for a function with a finite number 
of jump discontinuities requires an induction argument, ^ 
but the lde-a can be seen by considering <x function f(t) 
with jumps only at t = 0, t = 2p and one intermediate point 
t = a (see figure Al). Thus we take f(t) of. the form 



f(t) = 



f^O,, p < C < a c 
f 0 (t) , a. < t < 2p. 




Figure At. Graph of f(t) ,wi"th one intermediate 
• "^^discontinuity.' ,\ * 

I 

By th<2 definition of C{f(t)}, (see Formula (5)) - 
we have - • » 



CK(t)-H 



a .e' in7Tt/ P f 1 <t)dt + ^" iKirt/P ^tt)dt. ' 



We integrate parts, with *u-fj(t:), an(i 
dv = e- ln7It/p , so- that <*u=f^t)<it, f 2 ' (t)dt ; : and V 



V- -JE- e - in ^/P. Thus 
in?! 
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' ' C{f(t » = TnY [-fjCOe-^/P | o a -f 2 (^' iim/p j a 2p " 

.1 ,Mfe [r«\ inwt/p f 1 '(t)dt*f».-»«/ Pf2 . (t)dt 

Collecting terms we find' 

» 

' C{f(t)) = in7 {f l^ + ,[f 2 U-) - fj(a-}] e" inir ^P - r 2 (2p)} 
(Al) 



since e-iwt/P.i f<jr t =2*p. let M 0 , M a> M ;p denote the 
"jumps' 1 in"f(t) as shown in Figure Al ; moreover'we assume 
that the value is positive when the Jump is up anci 
negative when down.' (Thus ,• for* the function pictured m ' 
. Figure ,A1, M 0 >d,*M a >0, M <0.) We m^y therefore write- 
the expression {Al) as 

' * • T . - ^ 

CA2V CfffCO^- ^jMj, .^e-^/P + M 2p}+ ^cffft)}., ' 

^Tne first term in (A2) is more systematic that it appears*, 
since rt.can- be- written as* 

'M 0 e- i V 0/p ♦ M e ' in7Ia/ P' - M e -inir2 H /p 

3 ' 2P ' % 

Thus, in actuality each signed jump is multiplied by, the 
exponential yl mt/ V evaluated at the valife of t where 
the jump is 'made, and the resulting products are summed. 
< Finally, as may be verified by an easy induction argument, 
wheii, a 0 = 0, 4 a m =2p, and the function f (tj has m-1 jump 
discontinuities in»between h , «t 'a a m . , we have 
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C{f ^ } TnV £V k ♦ jg-c^t)}, \ 
where M ^ is the signed jump at a,. 
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STUDENT FORM 1 
Request for Help 



Return to: * 

EDC/UMAP 

55 Chapel St. 

Newton, MA 02160 



'Stude^: If you have trouble with a specific part of this unit, please fill 
out this .form and take it to your instructor for assistance. The information 
you give will help the author to revise the unit. 



Your Name 



Page j 
OMiddle 




r 

Section 


- '* 


. OR 


Paragraph 


OR " 


0 Lower 









Unit No. 



Description of Difficulty; (Please be specific) 



Model Exam 
Problem No. 

Text 
Problem No. 



Instructor : Please indicate your resolution of the difficulty in this box. 
() Corrected errors in materials. List corrections here: 

w ^ — 

'/ ' • . - ' ' . 

f \ Gave student better explanation, example, or procedure t'han in unit. 
.Give brief outline ojf your addition here: 



Assisted student iri acquiring general learning and problem-solving 
skills (not using examples from this unit.) 1 



\ 



9Q 



Instructor's Signature 



P^f^se use reverse if necessary. 
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STUDENT FORM 2 - EDC/UMAP ' • . 

Unit Questionnaire J 5 Cha ^ A S *' ' 

x * , Newton, MA 02160 



Name.. - : >Unit No. Date 



Institution Course No. 

Check the choice for each question that comes clpsest* to your personal opinion^ 
1 . How useful was the amount of detail in 'the unit ? 
a Not enough detail to* understand* the unit 



JJnit would have been clearer with more detail 
^Appropriate amount o£ detail # ' * ' * : 

JJnit was occasionally too detailed, but this was not distracting 
Too much detail; I was often distracted 



2. How helpful were the problem answers ? ' . 

• ■ 

^ Sample solutions were too brief; I could nofdo the intermediate steps 

Sufficient information was given to. solve the problems. • • 

Sample solutions were too detailed; I didn't need them 



3. Except for fulfilling the prerequisites, how much did you use other sources (for 
example, Instructor, frifends, or other books) in order to understand the unit? 

A Lot 1 v t ' m Somewhat- " _ sa A Little * Not at all 

4« How long was this unit 'in comparison to the amount of time you generally spend on 
a lesson (lecture. and homework assignment^ in a typical math or science course? 

Much f ' Somewhat „ - About; Somewhat tfuch 
Longer Longer * 'the Same j Shorter Shorter ' ' 



Were any of the following parts of* the unit confusing or distracting ? (Check 
as many as apply.) * 

Prerequisites 

Statement /of skills and concepts (objectives) 

Paragraph headings . „ 

Examples , _ 

t Special Assistance Supplement (if present) 



Other, please explain^ 



Were any of the following parts of the unit particularly helpful? (Check as many 
as apply.) . ; 

Prerequisites * 

Statement of skills and concept's (objectives) u 

Examples - „ \ 

Problems 

Paragraph headings . 



JTable of Contents - * ' V* 
^Special Assistance Supplement (if present) 
Other, please explain '_ 



Please describe anything in the unit that yoy did not particularly like. 



P.lease describe anything thai you found particularly helpful. (Please use the back of 
t-bis Sheet if you need more space.) j 
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-£indi%£.laplacfe- ~rT 
Fourier series..; " The:;|^e^n>:ijVi ^VfV''iequel tp ■; - • " - 
Unit 324, and ,>;e shall fTj^fy^^i^'pver.^tl^^notation 
and. terminology used, ttiet-el V^y^Xttcn^k't^ ;we are . / : -* 
concerned primarily witjx/^he' t raii&f tfrjn.s Uf-t-t}'-}^ ' - 
F{f(t)l, and C{f(t)k ■•-;:=-•*"'". ' " Vj , r - * 

. ^ Some- .ap^ie$t>.rohLejn5 'require- -only the -u^g^of * 
the forward .transfo'nns'V -in. ^ulfh^.prWfelTs'r the ■ . 
calculation of the transform represents passag3r fr<wB ' ' : 
time domain to the ,-frequency Idqroaf^j 'flmd""the infor- 
mation obtained by stuSy&^ffr^ _ . - 

t properties is ail- that is required v • / bther^probl ems 
(such' as solution of differential equations by_~ 
transform techniques), however, require determination 

^ of inverse transforms; that, is, recovery of f(t) 

from L{f(t)} or from F{f(t)}. * ^ 

In this unit we- build.- upon the ideas presented 
in Unit 324 to attack the problem of -finding a function 
from its giv^n transform or series expansion* .Given 
a transform L{f(t)}, F{f(t)} or C{£(t)} we attempt*, 
to reconstruct first the derivatives of B f(t), and 
^finally f(4^^feself, by reversing the process used 
to find the forward transform. Since the forward 
process is based on integration by parts, the method 
is generally applicable. Hence the inverse methods 
presented here are also generally applicable 
theoretically!!^ The problem, is primarily that in 
finding a forward transform we. may cancel terms 
which, if present, would provide clues to the nature 
of th'e derivative. For this reason, the inverse 
process does require patience and practice; nevertheless ^ 

1 

1 



o 
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i't, does -offer most of the same cfdvantag^s lifted 
— Olfit &4 for the" unified {.forward) method'. • 



v. 



vlNVERSE LAPDVCE TRANSFORMS 



.. r-he-^process ,vf 11- he' -developed 4>y examples-, Ag£-ia,'' 
it is-<assumeji that" you, are familiar -with the unified 
"method presented- i*ti Unit -324-. -V*- . - 

Example 1 * ' 
"v-§upp'ose w.e wish- to find f ( tj if - ' 

' L{f(t)7 = | e" 3s - 1 e" 4s . 

s s 

♦We first note thi't tlie right side can be written 
in slightly more revealing form as 

. - ' • 2(i) e ; 3s - 2(1) e'l 5 .. 

T * 1 * * 

The factor - in eiach term indicates a. jump in the 
function f(t), the multipliers 2 and -2 sho\% the 
magnitude and the 5 direction of each jump and, finally, 
the factors e" 3s and e" 4s show that the jumps 'occur 



at t = '3 and t 
given by 



f(t) 



-4. Therefore the function must be 



2, 3 < t < 4 
0, elsewhere. 



(See Figure 1 . ) 



f(0 



Figure !.« The ^raph' of f (t/ .for Example 1. 

or 



Example 2- y 
Find f(t), tf 
L{f^} = e" 



-s 




+ e" 2s 


-JL 


5 3' 


i 


s J s 2 . s 




s 3 





•4s 



-2s , -4 S ^ 
e , and e tell us to ,look 



The exponentials*e~ s , 

for jumps at t = 1, 2, and 4, so we must, watch these 
positions. However, we begin construction of the 
function with the terms 2(l/s 3 )e" s and - 2 ( 2/s 3 ,) e " 25 , 
which indicate* jumps, of 12 at t = l and +2*at t=2 in 
the second derivative. 'Hence, we have 



2, 1 < t < 2 
0, elsewhere 
as shown in Figure 2 . 

Af'(t) 



3 ■ 
2- 



Figure 2. Graph of f ( t ) f or Examp|e 2> 



By integrating f"(t) we obtain the following expression 

C l > ? 0 < t < 1 . 

ffi(t) = • 2t + C-, 1 < t < { 
C 3 ', 2 < t 

where Cj, C^, C 3 are constants^ to be determined. 

Now the detective story begins!^ We must look to 
L{f(t)} to evaluate these constants. Since there is 
no term of the form 



1 



1 -0s 

T e 

S O o 



there can be no jump in f(tj or any of its derivatives 
at the origin, so Q l * 0. "The term 2(l/s, 2 )e~ s 
reveals a jump of +2 in f'(t).at t=l and since C 
we must have 



2 • f'd) 



from which = 0. 



-2s 



Next, the term -5(l/s 2 )e' 
shows a jump of 15 at t-2. But f(t) = 2t to the 
.left of t*2,*and f(t) = C 3 to the fight of t=2. 
Hence at t=2 we jump 5 units from J down to C, 



that C 3 = 



so 



-4s 



1. Finally, the term l(l/s 2 )e' ~ is 
consistent with the value C 3 =-1, since it shows a 
unit jump back to the t-axis fct t=4. Therefore 



(Figure 3). 



k ■ 



-1 



2t, 
-1, 
0, 

f'(t) 



1 < ,t < 2 

2 < t < 4 
elsewhere * 



i 

3 • 



Figure 3. Graph of P( t ) for Example 3. 

While the above explanation of how to find f'(t) 
may seem complicated, in actuality by observing the 
transform carefully and proceeding from left to right, 
we can (after -a little practice) sketch f'(t) section 
by section rather quickly, tfe illustrate by obtaining 
f(t) from f'(t) graphically. The result. is (See Figure 4): 

4 



V 



2 * 1, 

f (t) = Mr\ + 4, 
0, 



1 < t < 2^ 

2 < t < 4 
elsewhere . 




2 3 
Figure k. feraph'of f(t) 



for Example 3. 



The result was -obtained section by section,. as follows. 
First, we have previously observed that f(t) = 0 for ' 
0 < t < 1. Then, from the graph of f'(t) we obtain 
(It) = t**+ bj for 1 < t < 2, but the -term 2\{\/s)e' s *' 
indicates a jump of, +2 at t-1. Hence, 2 = f(l+) = 1 + b^ 

+ ^1. Now for 2 < t < 4," 
«**-t + b^, and the term 



so that b'j = 1, and f (t) = t 

the graph of f*(t) yields f(t) 
-2s 



we 



3(l/s)e yields a jump of +3 at t<f. \ Since 
f(2-) = 5 (from t 2 + 1) , and f(2 + ) = -2 + b^ 
have'3 = 5 - (-2 + b 2 ) , from which b 2 4 and 
f(t) = -t + 4, for 2 <^t < 4. Since there is no jump 
in f(t) at t=4 we have f(t) = 0 for,t<> 4. 



Exercise 1 



For eacK of the following, find f(t) from t-he given 
expression for Uf(t)}; . 



-b) 



- e" s - I e -3s 

s s 
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INVERSE FOUR I hR TRANSFORMS 



. n We illustrate the procedure for finding the inverse 
Fourier transform by an example. Again, a familiarity 
with the forward transform from Unit 324 is assumed. 
. Example 3 

Suppose* we wish, to find £(%), if 

r F{ f ( t) } = -L + CQS a) + i sin a . 
a 2 a 

Wjfbegin by .converting F{f(t)} to exponential form 
so that we can identify the location, magnitude and 
direction of all jumps. Hence we have 

F{f(t)} = _L [ e ia + e -iaj _ 2_ +'JL | e ia - e" ia ] 

We now recall that information on jumps for the forward 
transform is recorded in terms of powers |0 f. lfia; hence 
we must make a further adjustment to x obtain 

• 

" ■ F{f(t)} = e ia f 1 ♦ X] 



The terms 



1 «ia 2 1 



(ia) 2 (ia) 2 

1 1 



(ia) : 



ia 



(ia) 2 (ia) 2 ' (ia) 



2 



e 



- ia 



indicate jumps of II at t = -1,*2 at t = 0, and II, 

V.) 



on 



%, 

9 



at-t = 1. Hence -we may now sketch the graph of f'(t) 
(Figure 5). Then working' from left to right as'before, 



Af'(t) 



Figure^. Graph of f'(t) for Example '3. 



we find first that f{t) = -t + C ; ^1 < t < 0. But 
the term y^ve la shows a jump of tl ir f(t} at t = -1; 
hence f(-l+) = 1 t C r from which C x = 0. ' For 0< t< 1, 
fft)- t + C 2 ; but^ the' term -^e" la shows a jump of 
>1 in f(t) at t = 1, and in addition, no jump in f(t) 
is indicated = . Therefore, = 0; hence we 



obtain 

f(t) = 

(See Figure 6.) 



iti, it| < 1 

o.l hi > 1. 



f(t) 



J" 



t 



Figure 6. Graph of f(t) for Example 3. 
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Exercise 2 ' > ~~ ~ * 

For each of the following, find f(t) from the given expression 
for F{f(t)}: 

a . , - ( i Cos t 27Tct - sin 2ira - i ) ; « ' # 

* 

b. — (sina - sin 2a); 

2 ' ' J 

a 

c-v o — (a sina + 2a cos a - 2 sin a) . 

, > a* 3 . ^ - 



4. INVERSE COEFFICIENT TRANSFORMS 

For our final examples we shall find the "inverse" 
of three Fourier series^^fhat is, the -problem we solve 
is the following: given a 'Fourier series, find the • 
function^ to which the series converges. Those of you 
who are familiar with Fourier series may well be sur- 
prised to learn that this problem mjay have a reasonable 
solution. V 

" The problem of -recovering a fundt ion* from its \ 
Fourier series representation may well require con-/ 
siderable ingenui ty ;~ insight and, perhaps, even some 
experimentation. The reason for this is three-fold. 
The first reason is .the nature of the expansion 
itself very simple' functions may yield expansions 
with coefficients of considerable complexity. The- ^ 
second difficulty arises from the terms of**the form " 

, + -inira. /p - ' * 

fc?- c K 

[see formula (9) of Unit 324]. The problem is that 
for a k = ^0 -and for a k = 2p, : we have 

-inira./p - / 

e K - 1. 



Therefore,, we may not know whether the jump is at t = o' 



A * 



' 8 



v." 



V 



or at t = -2p, or perhaps both. Similarly, if terms of 
the form (-l) n occur in the expansion, we may have 
either a k * -p or a k =5 p, since (-l) n - = cos nw = e in7T 
= e iniT , Therefore, in this case the^ actual integration 
in C{f(t)} would have been from t ■ -p to jt « pv^>Hut 
again, we may not' know whether the jump was at -p or 
at p. ^.j y 

The third difficulty is related to the second. 
Since \he exponentials involved are equal at the end 
points of the interval in question, it follows that if 
the corresponding coef f iciertts are equal* in magnitude 
but opposite in sign, then the sum of these terms will 
vanish! Hence, we may be looking at a situation in 
which there is actuary a jump present, but no indica- 
tion of it. It may well require some patience to 
overcome these difficulties! 

Example 4 ^ \ * 

Suppose we wish to find the function f(t) whose 
Fourier series expansion is 



cos^ 
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'We observe immediately that 
and for if = 1, 2, 3, ... we have 



b n = [JL ♦ -L_ S i n in,], 
n [ nu n2v2 3 J 



do 

J: 



The approach we use is: first find C , next find 
C{f(t)}, and then recover the function f(t). Since, 

C n = ^ a n * ib n^ 2 (formula (8) from Unit 324) 



we have 



n 2 * 2 n * 



= lLS_:-4n.i/3 _ _3_ + 41 ) 
2 ^n 2 n 2 , n 2 n 2 n11 i 

From the general form of the Fourier expansion we obtain 
that for this example , , 



nlIt '- cos 2nnt 



COS 

from whi^h 

f\ P = . 3 /2. 
Since 



C{f(t)} = 2pC n = 3C n; 



we have ^ * 

C{f(t)> = 9 ^ e " 4nfr/3 - 9 % ii 

2h 2 7i 2 2n 2 7f* 1171 

Because the coefficients in the C-transform involve 
powers^ of vj— = and exponentials of the form 4 * 

-in^/p 

e , we write ^ * « 

The first term indicates a jump of- -2 in the Urst 
derivative, f'(t), at t « %. The second term is 'the 
bothersome one -« it could, indicate a jump of +2 at * 
t = 0 or a jump of M at t = 2p * 3, or it could be 
the result of a combination of -jumps at both places. 
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In ordeT to allow for the various possibilities, we 
write for one period: 

2-a, 0 < t < 2 



f'(t) = 

(See Figure 7.) From the expression for f'(t) we 



-a, 2 < t < 3. 



A f'(t) 



t 



2-a 



2-a 



7* 



2i "31 

: i 

i . a » 



t 



Figure 7- .Graph of f'(t) for Example i». 

/ 



obtain for one period: 

(2-a)t ♦ b, 



f*(t) = 



-at + c , 



0 < t < 2 



2 < t < 3. 



The expression for C{-f(t)} above shows no jump in 
f(t) at t = 2, and therefore the left and right sections 
of f(t) agree at t = 2. Thus, 1 



•(2 - a)(2) ♦ b = (-a)(2) ♦ c, 



from which 



b + 4. 



The last term in the expression for C{f(t)} could arise, 
from a jump of +4 at t = 0 or at t = 3, or from a 
"combination of jumps at both ends. Now observe that 
the jump at t = 0 is 'f(0 + ) and the jump at t - 3 is 

i I 



9 

:RLC 



-f(3-).* Since these jumps must combine *to produce the 
value -4 , we have 

-4 = f(0) - f (3) = b - (-3a + c) 
= (b - c) + 3a 
= -4 + 3a, 

from which 

a = 0. 

So far we have for one period 

'2t + b, 0 < t < 2 

f(t) 



b + 4, 



2 < t < 3. 



Finally, since 



1_6 
3 



1 f 2p< 

If. fCt) dt, 



'0\ 



we have 



16 2 
3 " 3 



£ j (2t + b) dt + 



f3 



(b 



+ 4)dt ]• , 



from which 



[t 2 + bt 
8 + 3b, ' 



12 r ■» 2 

+ (b + 4)t 



0 



J3 



so that 



b = 0. 



Hence the given series converges to a function of period 
3 whose definition for one period is 



f(t) = 

(See Figure 8 . ) 



2t, 
4, 



0 < t < 2 
2 < t < 3. 



12 




*r t 



Figure 8. Graph of f(t) for 
V, Example A. 



Example 5 ^ 

'Suppose we wish to find the function f(t) whose 
Fourier series* expansion is given by # 

' f(t) = - J -il- sin nirt . 

n=l - n 3 TT s \ 

We first note that from the'given expansion, a =0 
for n # = 0, 1, 2 , . . . , so that f(t) is an o.dd function! 
In additipn, from the terms sin nirt we have p = 1, 
hence f(t) has period 2,. and we must find an expression 
for. f (t) over any interval of length 2; we choose 
-1 < # 't < 1. 



Next we find C 



Therefore , 



C{f(t)> = 2pC 



vn 3 7T 3 



= - 12(-l) n 
. (in*) 3 



3 6(-l) ] 
' (imr) 



In general, we must express C{f(t)} in powers of 
p/inn = l/in7^ # but this task is already accomplished 
tore. The single tern, in C{f(r)"> indicates a jump of 



magnitude 12 in f"(t), and the factor (-l) n = e in7T 
= e ln7T shows tKat the jump is at t * 1 or t = -1 or 
that, perhaps, the whole term results from a combina- 
tion of jumps at both ends. However, a little reflection 
shows that we simply cannot have a positive jump at 
just one end of- the interval -1 < t < 1 or, for that 
matter, any combination of^jumps at both ends with 
sum total positive if, after a jump is made the function 
remains constant until the next^jump. 

The follqwing function is a possibility for f"(t) 
and we take it as our starting point: 

f"(t) f -6t + a, -1 < t < l. . 

(Se,e Figure 9.) If we tr>f the above function for 

« 7 




4 * 



Figure 9. Craph of a possible f"(t) 
for Example 5. 



f H ^t) as a point, of departure,, then 
« m 4? 



P" (tj = -6, 



1 < t < 1. 



(This is where a bothersome point arises: with f"' (£), 
as "above, C{f(t)} would contain the expression 



, . 6 e -imr(-i) + % 6_ 

(imp)* . -(inTr) 1 



in7r(l) 



which results from jumps of +6*at t ='-1 and +6 at 
t = 1, .However/ since e in7T * = e _in7T * (-l) n , the sum 
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.reduces to zero. Because of this cancellation the jumps 
made by f ,M ^) a^ld^t from view in the transform 
C(f(t)}.) 

We proceed from our po:.nt of departure. From 
the expression for f"(t) wejobtain 

f'(t) = -3t 2 + a/+ b, -1 < t < 1 . 

_ s~ 

To evaluate the constants it helps if* we know as much 
about the nature of the function as possible. The 
following argument will be very .useful. 

Both the series 

I JL?_ sin n7rt 

n = l n 3 it 3 

and the series* of its derivatives with respect to t 

CO ^ 

l (-ij cos n7Tt 

n = l „ n 2 TT 2 < * * 

converge uniformly by the Weienstrass M-test, applied 
with the series of constants „ * 

* n=l n 3 tt n = l n 2 

► respectively, use^d for comparison. Since the sum of 
a uniformly ^convergent series of continuous functions* 
is continuous* we have continuity of f (t) . In addition, 
since the series j£5fih| £ (t) converges and the series of' 
derivatives conv£fcgi?s uniformly, we have that 

f f (t)..- I (-l) n+1 -12- cos nirt/ 
-n=l n 2 tt 2 

and hence f'(t) is also continuous. 

Now, thare are two easy arguments we can use to 
find_the constant a- in f'(t)/ First, since f'(t) is 
given by a cosine series, it is an even function, 




and hence a = 0. An alternative argument which is also 
useful in general is that by continuity and periodicity 
we have 

so that 

-3 - a + b = -3 + a + b, 

from which a = 0. Hence, either way we find 

f(t) = -t 3 + bt + c. 

Similarly, to find c we may observe tl>at f(t) is 
ari odd function, so that c' = 0. We could also argue 
that since f(t) is a sine series, we must have f(0) = 0, 
from whiqh c = 0. Finally, to find b, we observe that 
by the Series definition of f(t) and its continuity, 
which precludes jumps from one period to the\next, 
we have f(l) = 0, hence -1 + b = 0, and b = 1. Alter- 
natively, by the continuity and the^ periodicity of 
f(t) weHhave f(-l) = ffi) , so that 

1 - b = -1 +*b, and b = l.-' 
Thus^, for one period 

f(t) = -t 3 +.t, -1 < t < 1. t % * 

(See Figure 10 . ) 
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Figure 10^ Graph of f(t) for 
€^ample 5. 



Example 6 

Suppose we wish to^find the function f(t) whose 



Fourier series expansion is given by 



£Ct) = -r ' I 



(n-l)/2 



sin nt. 



n=l ,3,5. . . 



We first note that mrt/p = nt, from which p = it, 

2p = 2*. In addition, a n ■ 0 for n =^0, 1, 2, 

so that f(t) is an odd function. The coefficients b 

r 

are given by 



A- (-l) (n - 1)/2 , n odd 



0, 



n even 



Since 



we have 



C = ±(a 
n 2 n 



ib n ), 



c = 



JL. (-l i (n-l)/2 > 



0, 



n odd 



n even 



from Which 



C{f(t)} = 2pC r 



.lL(- 1) (n-D/2 > „ odd 



\ 



0, 



n even. 



Since the transform coefficients in formula (9) of ' 
Unit 324 are expressed in powers of p/inir, we rewrite 
the preceding expression in the form 



C{f(t)} = 



( tt -J 2 8i r ,.(n-l)/2 

0 > n even 



We now face the crucial problem ^f finding the way , 
in- which the two distinct ,expressipns (for the odd ai^i 
the even coefficients) in C(f(t)} can be unified into 
a single form. Your ability to make this, step requires 
careful observation in working with the forward trans- 
form, and with trigonometric' functions in general. 
We simply note the result 

I l J - sin ~2~ y n = 1, 2, 3, .... 

(Check out a few values of n for yourself!) We therefore 
have 

We now convert to exponential form: * 

= (i^n( ein,i/2 - e " in,i/2 )- 

With p = tt, we now obtain the coefficient transform in 
the form of (90 from Unit 3 % 24: 

C{f( t )} = fi e -in»(-ir/2)/ir ^ £ e -in»(»/2)/ir 

This form reveals jumps of + 4/tt at -tt/2 and 4-4/tt at tt/2 
in the first derivative f'(t-). However, we must also 
be alert to possible cancellation of terms', especially 
at -tt and tt. The simplest type of function whose 
behavior agrees with what we have so far is one with 
derivative of the form 
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f'(t) - 



a, 



•tt < t < -tt/2 and tt/2 < t < tt 



•tt/2 < t < tt/2 



(See Figure 11. We note that because the period is tt , 
and contributions at -tt and tt would cancel: 



iniT - lmr 

ae - ae 



Such cancellation does not occur at tt/2.') 



Af'(t) 



* r 

*» i 
— t 

TT I 
I 



•fi 



I -TT 
I — 

J 2 



1 



if 

2 l_ 



Figure 41. A possible form of f'{t) 
for Example 6. 



Proceeding ^from our, point of departure, we have 

at + bj , -tt <#t < -tt/2 

|1 + a Jt + c, mt/2 < t < tt/2 

at + d, - tt/2 < t < tt . 



f (t) 



To evaluate the constants, we first apply the M-test 

(as in Example 5),tusing (8/tt*) I l/n 2 'for 

n=l , 3,5... 

comparison to see thlt f(t) is continuous everywhere. 
Again, we illustrate two alternative methods for 
determining the constants. 



First, since f(t) is an odd function, f(-t) 
so that 



-f(t), 
19 
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f(-t) = 



■ at + b > -tt < -t < -tt/2, i.e., TT/2 < t < TT 

(f + a)t+e, -TT/2<-t < tt/2, . i.e., -tt/2 <*t<ir/2 
tt/2 <-t < tt, i.e., -TT < t< -Tf/2 



[-at + d, 



= -f(t) = 



-at - b, 

;(» * •) 

-at . - d, 



t - c, 



-TT <" t < -TT/2 

-tt/2 < t < tt/2 

V 2 < t < TT 



from which 
b 



= -d and c = 0 . 



By continuity of f(t) at t = tt/2, 



aTr/2 + d 



from which d = 2 and hence b = -2. From the ser-ies 
definition of f(t) and continuity, f (tt) = 0, hence 
aTT + 2 = 0\and a = -2/tt. * . 

Alternatively, we could have used the series 
definition of f(t) to obtain f(t) = 0, from which c = 0. 
Continuity of f(t) at t = tt/2 now yields the equation 



aTr/2 + d 



± + a 

TT 



TT 

7 



from which d = 2. Similarly, from continuity of f(t) 
at -tt/2 we .'obtain b = -2, The constant a is determined 
as above. 

By either approach we obtain 



f (t) 'A 



ft. 



2, 



TT * ' 



-7T < t <* -TT/2 

-tt/2 < t < tt/2 
tt/2 < t < tt . 



(See Figure 12.) 
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Figure 1*. Graph of f(t)for Example <T 



Exercise 3 

For each of the following, find the function f(t) whose 
Fourier series expansion is given: 

a. f(t) - J " £ . .islnSS* 
* n=1 >3>5> ... 2 

Jit may be helpful to note that cos nir * (-l) n and that 



n 2, n odd 
1 - (-1)".- 

[0, n even L 

£ — - cos mrt + v ' sin nirt . 
n-1 kiV n7T J. 



b. f(t) » j + 4 



5. MODEL EXAM»fr 



1. Find f(t) if 



L {«1)} = -i- (3-e; 2s -4e j3s + 2e- 5s ]-i(l +e - 3s ) 
Lff(t)'1> e ;3s f-i-.l' 



s 3 s 2 s 



Find f(t) i£<* 



» s 3 . s 2 • s 



4' * 



F{f(t)} = (cos a - 1) . 



Find f(t)'if f(t) is periodic of period 3, f(3/2) = 0 
and if 



C f(tj = 



-3L ♦ -1. 
2nTT 2 
n tt 

3i . 
2nir 9 



n odd 



n even. 



Crr; 
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6. ANSWERS TO EXERCISES ' 



1. a. 



f(t) = 



f(t) = 



f(t) = 



f(t) 



a. f(t) 



b. f(t) 

\ . 

c. f(t) 



0, 

i, 



t 2 - 1, 

-t * 4, 
0. ' • 



-1, 

0, . 

t + 2 
1, 

2 - t, 

0, ■ 

t 2 ' 

0 



0 < t < 1 

1 < t. 

0 < t < 1 

1 < t < 3 
3 < t. 

0 < t < 2 

2 < t. 

0 < t < 2 
. 2 < t < 6 

6 < t. 

-2tt < t < 0 

elsewhere . " 

-2 < t < -1 

-1 < t < 1 

1 < t < 2 

2 < |t|. 

|t| < 1 

iti > i. 



"3. a. f(t) = 

1, ' 



■2 < t < 0 
0 < t < 2 . 



f(.t) = t 2 ♦ 2t, 



-1 < t < 1, 



ERIC 
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ANSWERS TO MODEL EXAM 



f(t) 



t', 

s-t, 
o, 



l, 



0 < t < 2 

2 < t < 3 

3 < t < . S 
S < X. 



• t 2 + t + 1, 

2, 

I t -I 
2. 2 



0 < t < 1 

1 < t < 3 
3 < t . 



f(t) 



t + 2, 

|t|. ■ 
2 - t, 



j 0. 



■2 < t < - 
■1 < t < 1 

1 < t < 2 

2 < 1.0 ^ 



f(t) 



jt ♦ 1/ 

4t * 



-y < t < 0 



0 < t < 



J 
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STUDENT FORM 1 
Request for Help 



Return ho: 

EDC/UMAP 

55 Chapel St. 

Newton, MA 02160 



Student: If >ou have trouble with a specific part of this'unit; please fill 
out this form and take it to your instructor for assistance.* The information 
you give will help the author to revise the unit. 



Your Name 



Unit No, 



Page 



er 



/«£> u pp 

t .Q Middle 

(J Lower 



OR 



Section 



Paragraph 



OR 



Description of Difficulty: (Please be specific) 



Model Exam 
Problem No. 

Text 
Problem No. 



Instructor : Please indicate your resolution of the difficulty in this box, 
Corrected errors in materials. List corrections here: 



o 



Gave student better explanation, example, or procedure than in unit, 
Give brief qutline of your addition here: 



o 



Assisted student in acquiring general learning and problem-solving 
skills (not using examples from this unit.) " 



J • Instructor ? s^j5ignature_ 



Please use reverse if necessary. 



Return to: 

STUDENT FORM 2 EDC/UMAP 
Unit Questionnaire * , 55 cha P el St, 



Name TT Ifc „ 

■ — . JJnit.No. Date_ 

Institution r M 

Course No. 



Newton, MA 02160 



Check the choice for each question that comes closest to your personal opinion. 
How useful was the amount of detail in the unit ? 

Not enough detail to understand the unit 

Unit would have been clearer with more detail 



^Appropriate amount of detail 
JJnit was occasionally too detailed, but this was not distracting 
Joo much detail; I was often distracted 



How helpful were the problem answers ? 

.Sample solutions were too brief; I could not do the intermediate steps 



_Sufflcient information was given to solve the problems,- 
Sample solutions were too detailed; I didn't need them i 



Except for fulfilling the prerequisite s , how much did you use other sourc es (for 
^cam ple, instructor, f r iends, or other books) in order to understand the unit? 

A Lot -__SomeWhat A Little Not at all 

How long was this unit in comparison to the amount of time yqy generally spend on 
a lesson (lecture and homework assignment) in a typical math or science course? 

Much Somewhat About* Somewhat Much 
Longer Longer the 'Same Shorter Shorter 

Were any of the foll owing parts of the unit confusing or distracting ? (Check 
as many as apply 7) " ~~ 

Prerequisites 

- S tatement of skills and concepts (objectives) * 
Paragraph headings 



^Examples 



Special Assistance Supplement (if present) 
_0ther, please explain 



6 - Were any of the following parts of the unit particularly helpful? (Check as many 
as apply,) h 

P rerequisites * * * 

Statement of skills and concepts (objectives) 

^Examples 



Problems 



r 



^Paragraph heading^' 
_Table of Contents 

^Special Assistance Supplement (if present) 
_0ther, please explainr 



Please describe anything in the unit thkt you did not particularly like., 

* / 

/ 

Please describe anything that you found particularly helpful. (Please use the back of 
this sheet if you need more space.) ^ 



